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1 Statement of the problem studied

The detection and discrimination of unexploded ordnances (UXO) is a challenging task which re-
quires sophisticated forward models and efficient inversion algorithms. Due to the large number
of unknowns (target’s size, composition, position, orientation, and number), the latter often do not
solve the entire non-linear problem at once. Instead, specific but optimized techniques are typically
developed for the inversion of a subset of parameters, and are used in conjunction with one another.

Although the determination of the target’s size and composition usually requires advances math-
ematical models — which have been the subject of some of our previous work — the determination of
the position and orientation is more tolerant to some approximations and hence, can be performed
in a simpler manner. Typically, an optimization approach is often used, whereby the measured mag-
netic field is matched to the one produced by a forward model, in which the unknown coefficients are
solved for by a matrix inversion. This approach, however, can produce an ill-posed inverse scattering
problem when applied to the inversion of the location and orientation of the object.

Recently, an alternative method to accomplish this inversion without having to solve an ill-posed
problem has been proposed. The method assumes that the secondary field induced by the buried tar-
get is akin to that of three orthogonal dipoles, whose locations and moments are obtained analytically
from the estimation of the magnetic vector potential and the electric scalar potential, in addition to
the measured magnetic field. These potentials are computed via the intermediate step of introducing
surface magnetic dipoles over a fictitious boundary, whose amplitudes are determined by matching
the magnetic fields, and relating these dipoles to the potential via well known relations. Once the
three quantities are known, the distance vector, the eigenvalues of the polarizability tensor, and the
Euler angles are obtained by a simple and well-behaved matrix inversion.

Following this approach, we investigate the robustness of this new method to various amounts
of noise in the measured magnetic field as well as the influence of various numerical parameters on
the accuracy of the estimated position and dipole moment.

The major drawback of the previous approach, however, is that it cannot be generalized to mul-
tiple targets (at the time of this writing). Yet, multiple targets are often encountered in the field,
with UXO buried alongside other UXO or alongside clutter items. It is therefore important to de-
vise an analysis method flexible enough to address these more challenging situations as well. With
this purpose in mind, we propose and formulate an inversion algorithm based on an iterative Gauss-
Newton method, for which the number of targets is in principle unlimited. Initial implementation
and validation of the method are presented.

-1- Delpsi, LLC
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2 Summary of the most important results

2.1 (H,A,y) method to estimate an object location, orientation, and dipole mo-
ment

2.1.1 Background and procedure

Our past efforts have focused on developing some of the most up-to-date forward and inverse algo-
rithms for the modeling of UXO in the electromagnetic induction (EMI) regime, in both the frequency
domain and the time domain. These include the use of the spheroidal system for the general mod-
eling of axially symmetric UXO [1-3] (a more general model than the dipole model [4,5]). the use
of analytical metrics for the characterization of UXO [6], the use of learning algorithms for their
discrimination [7], and the recent generalization of our modeling capabilities to the ellipsoidal coor-
dinate system [&].

Although the detection of UXO is relatively simple, their discrimination is a vastly more com-
plex task. Treating as unknowns the location, orientation, and composition of the object produces
highly non-linear problems which are both challenging and time-consuming to solve. Effectively, the
forward algorithms mentioned previously become drastically more efficient if some unknowns can
be determined by add-on methods. Based on a dipole approximation, an analytical method has been
recently proposed for the inversion of the location and strength of the dipoles, effectively providing
information on the location and orientation of the target in the ground [9]. The method is based on
the near-field approximation of a magnetic dipole, for which the field and the two potentials are given

by [10]:

ikR D (P . _ _
H::R3 (3R(§2 m)—n‘z)(l—ikR)—szx(Rxn‘z) , (1a)
TT.
_ 7 x B :
A:po%(l—ikR)elkR, (1b)
R .
W= 4an3(1—ikR)elkR, (1c)

where R =7, 7 and 7' being the position of the observation and of the source, respectively. Note
that we have not made any assumptions as to which term could potentially be neglected, but certainly
some terms can be, given that we work in the limit of 2 — 0. Typically, the 22 term in Eq. (1a) can be
neglected, as well as (1 -1kR)exp(ikR), which leaves a problem independent of %, i.e. independent of
frequency.

These equations can be inverted to yield R and 77 as function of H, A, and v, and yield:

s 2Hy +(H xA/Mo)’ (2a)
|H |2
m= @(Rw — (A/po x R)) @b
where
ikR _ 1
G(R) = o (1-ikR) = i ®

The whole purpose is therefore to estimate A and w knowing only the magnetic field H over a
measurement grid.

9. Delpsi, LLC
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2.1.2 Determining R

Following [9], we use a fictitious surface of magnetic dipoles defined by

N N N
m(F)=2 ) PiFi()+3 Y PaFy()+2 Y PLFi(F). 4)
n=1 n=1 n=1
The functions F;”* are basis functions whereas the unknown coefficients P, are determined by
matching the measured (known) vectorial magnetic field over a reference grid. Starting from Eq. (21)

in [9], we write the magnetic field as

B N _ N _ N _
HF) =) Prif(F-r)+ ) PyfP(F-r)+ Y Pif?(F-7)) (5)
n=1 n=1 n=1

where .
f”(f—f;)=fs dS(3(f—f’n)[(f_f;l).ﬁ]_|f_,=;1|zﬁ) r—ry ©

[F—7pl®
and where 7 = %,7,2 and S,, refers to the discretization of the fictitious surface. From Eq. (5), the %
component of the magnetic field is given by:

N N
2-HF)=HF) =) Pig-f*F-r)+ ) P& -fI(F—7),)
n=1 n=1
N -
+ Y PZ&-fA(F—T). (7
n=1

H ()| [&-FG1-F) &-fF1-7y) ... &fF1-Fp] [Pf]
Hy(Fo) | |&-f*(F2=F) &-f*(F2—Fy) ... &-f*(F2=Fy)| |P3
H,(7p) R-f*Fp-7)) &-f*GFp-7p) ... &-f*Fp-Fy| |P¥]
2-fOF1-F) 2-FL-TY . & E-T] [Py
L |F PO 2Py &Py 24
&-fYFp-F) &-fIFp-7h) ... 2-fYGp-Fy)| |Py)
2-fAF1-F) 2-FF1-Fy) ... 2-fR-F] [P
X fA(Fe—T)) X-f2HFa—Ty) ... X-fAFe-Fy)| |P3
+ ) ) (8
& f2(Fp—T)) &-f*(Fp-Ty) ... ®-f*Fp-Fy| |P%
This equation is rewritten in matrix form as
H,=F.. P+ :yx-Py+ 7. P (9a)
Similar equations can be written for H, and H.:
H,=F,, -P*+F,,-P’+F,,-P?, (9b)
H,=F. -P*+ =y2_py+ 7, P?. (9c)
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Real dipole moments : m =(1,0,2)

Real dipole position : (x,y,2)=(10 cm,—2 cm,—45 cm)

Fictitious surface : 2/=-30cm

Measurement grid : 8 x 8 points over [-50,50] cmx[-50,50] cm
Fictitious grid : 8 x 8 points over [-50,50] cmx[-50,50] cm

Table 1: Definition of the reference parameters.

The system can eventually be gathered in a matrix form as

Hy| = Ii’xy Ii’yy I?zy ' }zy ’ (10)
HZ _xz _yz _22 p*
or _
H=F-P, (11)

from which P can be obtained, typically as a least square solution:
p=(FT.F)'.(FT-A). (12)

Once these coefficients are obtained, the dipole moments over the fictitious surface are obtained
from Eq. (4), from which (F,A,vy) are obtained via Egs. (1), from which the position of the dipole is
obtained via Eq. (2a).

For the numerical illustration of the method, the parameters of Table 1 are used, unless spec-
ified otherwise. The variations in the retrieved positions due to other parameters is illustrated
subsequently. Note that in the subsequent results, we plot 7 = #— R. In addition, the captions of the
figures list the values of the root mean square errors (rmse) of H,

12 comp 2
prr, = \| 5 X (Hy« ~H™ ), n=xy.2 (13a)
i=1
pu =(PH,, PH,, PH,), (13b)

and similarly for A and for the one value of V. The root mean square errors give some sense as
to what components are well or poorly estimated, and their influence on the position estimation.
Typically, the magnetic field rmse should be very low (less than 10~ since it is the field used to
derive the unknown coefficients™), whereas the vector and scalar magnetic potentials should have an
rmse of 1072 or less.

The first result, which can be used as a reference, is shown in Fig. 1, and illustrates the fact
that the retrieval of R is not trivial. In particular, important oscillations are seen in the retrieved
components. Nonetheless, the average values are relatively reasonable, and the variances are be-
tween 1 cm and 2 cm, which would be acceptable in a field measurement. The influence of other
parameters such as the position of the fictitious surface, the size of the measurement grid, the size
of the fictitious grid, or the use of some components of the magnetic field only are all illustrated in
Figs. 2-6.

*Note that this order of magnitude does not necessarily hold when only few components of the magnetic field are used.

-4- Delpsi, LLC
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Figure 1: Retrieved position for the parameters of Table 1. The amplitudes of the oscillations are quite large
but the variances are reasonable (compared to the field precision required). The average values are relatively
close to the expected ones. pg =(1.3,1.1,1.7)x 1079, pa =(1.4,2.5,2.7)x 1072, ov =5x1073,

x‘avg:G.G [em], O'X:6.392 [cm] y avg
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(a) 2/ = —20 cm: Overall the estimation of the location is worse, with in-

creased oscillations in all the components (reflected also by larger variances).
P =(0.94,0.60,1.06)x10712, 54 =(1.5,2.9,3.0)x 1072, pyy =3.3x1072.

X' g=—0.6 [em], ox=27.932 [em] y
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(b) 2z’ = —10 cm: The estimates become significantly worse. It is probably due
to the fact that being so far from the real source, the fictitious dipoles do not
capture the original field very well. Increasing the size of the fictitious surface
and the number of fictitious dipoles seems to improve the results (see Fig. 5).
P =(5.19,3.76,5.04)x 10715 5, =(0.59,1.24,0.66)x 107, pyy =1.79x 1071,

x’avg=10.1 [em], cx=2.699 [cm] y avg =-5.7 [cm], 0y=4.233 [cm] z’avg=—44.6 [em], aZ=2.995 [em]

10, =30,

n
o

Real(x’) [cm]
%
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1

5 o
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g &

[0) -20

1
[}
(o]

0 20 40 60 0 20 40 60 0 20 40 60
Grid point Grid point Grid point
(c) 2/ = —44 cm: The estimate is relatively good, except in y’. The good re-

sults are probably due to the proximity of the fictitious source to the real
source, thus capturing most of the radiated field. pg :(3.73,2.27,4.36)><10_5,
PA =(3.6,2.6,4.7)x1072, py =2.16e-04.

Figure 2: Varying the position of the fictitious surface z’.
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(a) 16 x 16 points over [-50,50] cmx[-50,50] cm: The results are relatively sim-
ilar to the reference Fig. 1. pg =(4.39,3.83,5.05)x10™%, 54 =(1.7,2.7,3.3)x 1072,

py =4x 1073,
x‘avg:7.7 [em], crx=3.572 [cm] y‘avg:—2.4 [em], 0y=4.665 [em] z’avg=—44.8 [em], 0'Z=2.694 [cm]
20, 10, =30,
5 10 5 o 5 -0
S 0o < _10 § -50
14 @ @
% 100 200 2% 100 200 % 100 200
Grid point Grid point Grid point

(b) 16 x 16 points over [-100,100] ecmx[-100,100] cm: Increasing the size
of the measurement grid does not necessarily improves the results. Most
likely the fictitious grid has to be adjusted as well. pg =(0.9,0.8,1.4)x1073,
pa=(0.9,1.2,1.6)x10"2, py =1x1073,

X' =7.7 [cm], 0 =3.503 [cm] y' =-2.4[cm], 0, =4.578 [cm] 7z’ =-44.9 [cm], 0_=2.655 [cm]
avg X avg y avg z

20, 10 -30
5 10 5 o 5-40
g o $-10 g -50
[\4 o ['4

% 500 w000 2% 0! w000 %% 1000
Grid point

500 500
Grid point Grid point
(¢) 32x32 points over [-100,100] cm x[-100,100] cm: Same conclusion as the previ-
ous case (note that a difference inversion scheme has been used, because of com-

putation time). gz =(1.0,0.8,1.3)x1073, 54 =(0.9,1.3,1.6)x10™2, py =1x1073,

Figure 3: Varying the size of the measurement grid.
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x’avg=10.1 [em], ax=1.179 [cm] y'avg=—1.6 [em], cyy=1.437 [cm] z’avg=—45.8 [em], aZ=1.692 [em]
15 5 =40,
E 5 o § -45
10 S g
] g -5 § -50
14 @ 14
o) 20 40 0 % 20 40 50 >0 20 40 60
Grid point Grid point Grid point

(a) 16 x 16 points over [-50,50] cmx[-50,50] cm: Somewhat similar results
to the reference Fig. 1. px =(5.19,5.48,7.61)x10710, 5, =(1.4,2.7,2.9)x1072

)

py =4x1073.
x’avg=13.9 [em], ax=6.572 [cm] y‘avg=—1.5 [em], 0y=9.129 [em] z’avg=—42.3 [em], cZ=5.218 [cm]
40, =30,
20
5 20 5 5-40
= 3 0 S
g 0 5 $ -50
o o 12
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-20 —60,
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(b) 16 x 16 points over [-100,100] cmx[-100,100] cm: The results are degraded

(essentially seen in the larger variances). Probably due to a well over-determined
system. pp =(4.04,4.66,6.16)x10710 5,4 =(3.0,7.8,8.4)x1072, py =9x1073.

Figure 4: Varying the size of the fictitious grid.

X' =7.5[cm], 0 =23.373 [cm] y'_ =-0.5[cm], 0 =23.144 [cm] z'_=-28.3[cm], 0 =3.613 [cm]
avg X avg y avg z
50, 50 20,
x 0 0 5
] 5 §-30
14 14 24
5% 20 40 0 % 20 40 60 0 20 40 60
Grid point Grid point Grid point

Figure 5: Increased fictitious grid when further away from the real source: the results are improved compared
to Fig. 2(b). pg =(8.33,5.57,8.98)x10716, 5,4 =(0.50,1.65,0.95)x10!, py =1.43x107L.
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(a) Using only (Hy,Hy) (thus a sub-system of Eq. (10)). The results are signifi-
cantly degraded. gz =(0,0,8.15)x 1072, 54 =(1.8,2.8,2.9)x1072, py =6.9x1072.

X' =11.5[cm], 0, =7.791 [cm] y'_ =-1.2[cm], g =9.055 [cm] z'_=-39.9 [cm], 0_=3.752 [cm]
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(b) Using only H, (thus a sub-system of Eq. (10)). The results are better than us-
ing only (Hy,Hy), suggesting that standard GEM-3 measurements might be rea-
sonably usable. g =(4.5,2.1,0)x1072, 4 =(2.6,8.9,6.9)x1072, py =3.1x10"1.

Figure 6: Using only some components of the magnetic field.
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2.1.3 Determining m

The average dipole moments are determined from Eq. (2b) using the estimated positions and poten-
tials. The results are summarized in Table 2, along with those for the average R, for the same case
as in the previous section. The table illustrates the influence of various parameters on the accuracy
of the inverted results, in particular the size of the measurement grid, the side of the fictitious grid,
and the number of components of the magnetic field used in the inversion.

2.1.4 Using GA to determine R and m

The encouraging results of the previous section prove that Egs. (2) and the use of a fictitious bound-
ary for unknown 3D dipoles provide a good way to estimate the location and moments of a dipole
knowing only the magnetic field over an observation grid. In real life, however, results cannot be
compared against a known truth like previously, where the exact position of the dipole is known.
Hence, another metric needs to be chosen.

In what follows, we use the standard deviation in the estimate of R (i.e. Oxyz in the previous
results) as a metric, supposing that the smaller it is, the more accurate the estimate. This is some-
what intuitive because we expect the mean to be more trustworthy if the data are more concentrated
around it." This metric, which exact formulation is examined subsequently, provides a measure of
goodness so that we can minimize it using some stochastic methods. We have implemented here a
Genetic Algorithm (GA) for that purpose, using 5 unknown parameters:

(i) The starting coordinate x,,;, of the observation grid in x, within the bounds —60 cm and —40 cm.
We suppose that the observation and fictitious grid overlap in the (xy) plane and are only
different by their z position.

(ii) The starting coordinate y;,;, of the observation grid in y, with the same assumptions and same
bounds. In addition, we suppose the grid to be 1 mx1 m so that the first two parameters totally
define the observation and fictitious grids in the (xy) plane as [Xmin,Xmin + 1 ml, [Ymin, Ymin +
1 m].

(iii) The vertical position of the fictitious grid, within —50 cm and —10 cm.
(iv) The number of measurement points N, on the observation grid (same in x and y).
(v) The number of dipoles N4 on the fictitious grid (same in x and y).

The other GA parameters are a population size of 100, a probability of crossover of 60%, a probability
of mutation of 5%, and 20 iterations. The choice of the metric is likely to change the estimates of R
and 2, so that we examine this effect in Table 3. For example, if the metric is chosen to be only o,
the fitness of the reference result is 1.572x1072, as shown in Fig. 1.

The results again show the influence of various parameters on the accuracy of the results. In
particular, the measured dataset (all components of the magnetic field or only its 2 component) are
seen to have an important impact on result accuracy. It is expected that the new generation of
EMI sensors will be able to measured full vectorial magnetic fields with multiple primary incidences,
which should improve field-based inversion results significantly.

TNote that this assumes that the estimator is unbiased, which we expect to be since Eq. (2a) is an exact relation.
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Table 3: GA results for various metrics.

T Since the fictitious surface is below the estimated source depth, this case is re-evaluated by forcing the fic-
titious surface at —46.2 cm, to yield the new parameters: R =(11.93,-1.98,-45.7) cm, m = (0.84,0.002,2.02),
fitness=1.8x1072.

¥ We proceed in the same way as in T, to obtain: R = (11.6,-2.17,-45.5) cm, m = (0.83,0.002,1.92),
fitness=2.54x1072.
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2.2 Detection of two targets using a Newton based method
2.2.1 Motivation

Although the previous (H,A,y) method has been shown to yield reasonable position and dipole mo-
ment estimates, we have found that its major drawback is that it is not straightforward to generalize
to a multi-target configuration, whereby multiple dipoles (position and dipole moments) need to be
inverted for. Yet, multiple targets are often encountered in the field, with UXO buried alongside
other UXO or alongside clutter items.

In the remainder of this report, we propose and formulate an alternative method to address this
issue. The method is based on an iterative Gauss-Newton implementation which, in principle, does
not limit the number of unknowns and hence, can potentially invert for multiple positions and dipole
moments simultaneously. As we show subsequently, the Jacobian matrices required by the method
take analytical forms within a dipole approximation, which we therefore follow in order to enhance
the efficacy of the method. Initial results on two-target inversion are shown to be encouraging.

We assume a bistatic configuration were two targets are buried at positions 7| and 7, and re-
spond with a single dipole moment each, denoted by 71 and mq, respectively. The purpose is to use
the measured components of the magnetic field to invert for (F’l, m1) and (F’z, ms).

The magnetic field is given by

-~ 1 [3R(R-m) _
H:I? T—m (14:)

where R =7 —7' = Z(x—x")+ 9(y — y') + 2(z - 2') (the prime coordinates corresponding to the source and
the unprimed to the observation) and m = £m, + ym, + 2Zm.. In the case of two targets,

H=H,+H, (15)

where H; and Hy are generated by the two targets respectively, and each obeying Eq. (14).

In the bistatic case, the dipole m in Eq. (14) represents the only source in the system: it is buried
at a position R and produces the magnetic field that is measured by the sensor across the observation
grid. In the monostatic case, however, the dipole moment depends on the polarizability of the target
and on the primary field at its location, which is written as

m=M-HP", (16)

where M is the polarizability tensor and HP” is the primary field at the target locations. In the
monostatic configuration, the sensor emits and receives at each point on the observation grid. At
each point, the primary field at the location of the target HP" needs to be computed and is used
to weight the polarizability tensor M. This means that the dipole moment m is different for each
location of the sensor. However, the polarizability M is constant and needs to be inverted for, later to
be used as a classification metric between different UXO.

2.2.2 Newton method

In this section, the formulation of the Gauss-Newton algorithm is presented for both monostatic and
bistatic configurations, as well as when all the components of the magnetic field are measured or
when only H, is measured.
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Bistatic case: Using only the measured H,

The master equation on which the iterative scheme is based is the standard normal equation
written as o B
JIJ,-Ax=JT - (HM* - H™P) 1

where X is the unknown vector of dimensions [M x 1], Ax = &*1 — % is the unknown and provides

the updated quantities of X at each iteration, ¢, is the Jacobian matrix of dimensions [N x M1, H™*®
and H:;°"™? are the measured and computed z components of the magnetic field, respectively, of
dimensions [N x 1].

In the two target detection case, we need to iterate for two positions and two momenta so that

X=1[X1,Y1,21,X2,Y2,Z9,mx1,my1,m;1,My2,My2,M 2] (18)

where X = x—x, and similarly for the other components. Therefore in this case, M = 12. Explicitely,
the Jacobian matrix is

J, = [jle jZRZ Ton, T, ] (19a)
oHY  oH®  oHYD oH®  6HYP  oHY
oxX, oY, 0z, Omy,  Omy,  Omg,
oH?  oH?  9HY OHY  oH  oH{
JZR_ — 6{(1' l?Yi 6.Zi , szi — 677.lxi 6myi 5"’.lzi ) (19b)
6ﬁ§N ) GHL;" ' 6ﬁLN ’ aﬁgN ) 6H§;V ) aﬁgN )
0X; 0Y; 0Z; om,,  Om,  Omg
The various derivatives are given by:
0H,  15XZ(R-m) | 3Xm. +3Zm, (208)
X R7 R5 ’ 2
0H 15Y Z(R - m 3Ym,+3Zm
z _ _ (R-m) " z Y , (20b)
aYy R7 R5
0H, 15Z%(R-m) 6Zm, 3(R-m)
= - + + 20
3z R7 RS RS (200
0H, 3XZ
el 20d
om, R°® (20d)
0H, 3YZ
== 20
om, RS (20e)
0H, 372 1
_v4 1 20
om, R5 R3 o

Bistatic case: Using all components (H,,H,,H)

If all the components of the magnetic field are to be used, the method above can be directly
generalized. Defining J, and J, in the same way as in Eq. (19a), the Jacobian and the right-hand
side term become

ercnea _ H;omp
ﬁmea _I_‘Icomp — I_'I;,nea _FI;OWP (21)
FI;nea _ Egomp

1
I
l&n{{%n&u

where the vectors over H,, H s H, denote measurements over multiple grid points.
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Monostatic case with a diagonal M

In the monostatic case, we suppose that the object is aligned with the principal axis of the sensor
so that the polarizability tensor M is diagonal in the (%,7,2) coordinate system. From Eq. (16), we

therefore write:
n‘1=5chHer+5/MyH§r+2MzH§r. (22)

The magnetic field is therefore given by

1

=73

3Z( XM HE + YMnyv’r +ZM,H"")
R2

e 1 3Z(R-m)
R3 R2

~M,HP"| = ~M,H"|. (23)

The Jacobian is calculated like in the bistatic case, with the various derivatives given by

0H, 15X Z(R -m) N 3Xm,+3Zm, 0ym, 3Z(R-0,m)

— - + 24
0X R7 R5 R3 RS 7 (242)
OH, _ 15YZ(R-1m) 3Ym,+3Zm, d,ym, .\ 3Z((R -ayn'z)’ (24b)
Y R7 R5 R3 R5
H 15Z2(R - m Z Z(R -0, ? -1
0 s 5Z2%(R m)+6 m2_62m2+3 (R azm)+3(R m)’ (24c)
0Z R7 R5 R3 R5 R5
0H, 38XZ
=22~ gpr 24
oM, RS %7 (240
0H, 3YZ
= 2-Z gper 24
or,~ &5 (24e)
0H, 372 HP"
Ol _ o4~ ppr Mz 24
oM, R5> % RS (240
where
my = MnHﬁr, n=x,%,2, (25a)
Ot = RM 0. HY + §M 0. HY +2M,0.HY'. (25b)

The previous equations can be directly used to build the Jacobian similar to Eqgs. (19b), where
the derivatives with respect to 7 are replaced by derivatives with respect to M = &M, + yM y+2ZM,.
The generalization to the other components of the magnetic field is straightforward.

2.2.3 Results

The iterative method is implemented based on Eq. (17). The maximum number of iterations is set to
1000 (or 500, see below), but the process is stopped if one of the following condition applies:

(i) The inverse condition number of JT . J is lower than 10710,

(ii) The ten previous incremental values in position AR and in momentum Am are smaller than
0.1 cm and 0.1, respectively. More precisely: at each iteration, the sum of increments is com-
puted as dr = |dx1|+|dyil+...+|dz2| and dm = |dmy1| +...+ |dm,2| and stored for the last 10
iterations. If all 10 values of dr and dm are smaller than the threshold, it is decided that the
algorithm has reached convergence.

The iterative algorithm starts by making a random guess for (R1,7721) and (R2,m2). The bounds
for the random intervals of each components are as follows: the lateral positions (x and y components)
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are supposed to be within —50 cm and +50 cm, the depths (z components) are supposed to be within
—20 cm and —50 cm, the momenta are supposed to be between —3 and +3. The overall process is
repeated 1000 times (when only H. is used) and 500 times (when H,,H,,H, are used). The results
are either directly averaged, or “bin averaged". In the latter case, bins of 1 cm (for the position) or
0.1 (for the momentum) are defined, and the average is weighted by the number of occurrences in
each bin.

The algorithm is run on six cases corresponding to:

Case 1: the reference case where two dipoles are somewhat close to each other, offset on the mea-
surement grid, and of different orientations.

Case 2: a variation of case 1 where the deepest dipole is buried much deeper.

Case 3: a variation of case 1 where the shallowest dipole has its momentum drastically reduced.
This could correspond to a piece of clutter closer to the sensor than the main object.

Case 4: same as case 1 but the two objects are centered on the measurement grid. The measured
magnetic field therefore presents less amplitude variations over the grid.

Case 5: same as case 2 but centered over the grid.
Case 6: same as case 3 but centered over the grid.

The results are summarized in Tabs. 4 and 5 for the case when H, only is used, and in Tabs. 6 and 7
for the case when (H,,H,,H,) are used. Results are also represented graphically in Figs. 7-12. The
following comments can be drawn:

¢ The bin average usually performs better than the direct average.
* The depth estimation is rather robust to noise.
¢ Paradoxically, the estimates of the centered cases are often worse than those of the offset cases.

* It is not totally clear that using the full magnetic field (H,,H,,H,) yields better estimates
than using only H,. For example, the cases where one object is deeply buried are much better
predicted by using H, only. This might be due to the specific dipole moments chosen, and
deserves further investigation.

* Another poor estimation corresponds to the situation where the shallowest object has a very
small dipole moment, somewhat analogous to a cluttered configuration. Here again using H,
only yields better estimates than using (H,,H,,H), and the estimations rapidly degrade with
increasing noise.
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. Rl [em] RQ [em] mi mo
Noise
X1 Y1 21 X2 Y2 Z9 My, My, Mz Myy My, Mg,
[Casel] 83 14 28 | 13 12 -35 ] 0 2 1 [ 3 o0 1
0% 329 14.1 -280 ] 130 118 -349 ] 00 20 1.0 || 3.0 00 1.0
1% 329 14.0 -280 | 129 118 -347 | 00 20 1.0 || 3.0 00 1.0
2% 329 14.0 -28.0 | 127 114 -344 | 0.0 20 1.0 || 3.0 -0.0 1.0
5% 324 144 -286 | 97 115 -356 1 0.1 20 14 | 25 -0.0 0.6
10% || 305 15.8 -295| 24 69 -319 06 18 20 || 1.4 00 0.2
Case2 ] 33 14 -28 [ 13 12 55 | O 2 1 [ 3 0 1
0% 33.0 14.0 -280 [ 129 121 -547] 00 20 1.0 ][ 3.0 -0.0 1.0
1% 33.0 14.0 -28.0 | 13.1 119 -54.7 | 0.0 20 1.0 || 3.0 -0.0 1.0
2% 33.0 14.0 -280 | 13.1 116 -538 || 0.0 20 1.0 || 29 -0.0 1.0
5% 32.7 14.0 -282 | 116 86 -480 | 0.1 20 1.1 || 24 -0.1 0.9
10% || 323 150 -286 | 45 33 -3511 02 20 13| 15 -0.0 0.6
Case3 ] 33 14 -28 [ 13 12 -35 | 0 02 01 | 3 0 1
0% 26.0 13.0 -30.3 ] 122 132 -346 ] 0.7 -0.7 -03] 23 09 14
1% 254 13.6 -30.0 | 10.2 119 -33.7| 09 -05 -01| 22 0.7 1.2
2% 22.1 143 -3101| 39 87 -3001| 15 -02 04 | 1.6 04 0.7
5% 18.1 142 -328 | -02 25 -235| 22 -01 08 | 0.8 02 04
10% 17.1 140 -334 | -32 -19 -211| 24 -00 09 || 06 0.2 03
[Case4 [ 10 1 28 -10 -1 35 [ 0 2 1 [ 3 0 1
0% 126 36 -286 63 12 -341] 03 15 08 27 02 1.0
1% 12.7 36 -286| -63 14 -344| 03 15 08 || 27 02 1.0
2% 125 35 285 | -65 13 -342| 03 15 08 || 27 0.1 1.0
5% 1283 35 286 -58 15 -335| 04 15 09 | 26 0.1 1.0
10% 10.1 49 -293| -38 05 -291| 1.0 13 14 || 1.8 02 07
[ Case5 [ 10 1 28 [ -10 -1 55 ] © 2 1 [ 3 0 1
0% 124 31 284 67 10 511 02 15 08 | 28 0.1 1.0
1% 121 29 286 | -58 09 -50.1| 02 16 09 | 27 01 09
2% 114 23 -286 | -58 0.0 -505| 02 17 10 || 26 0.0 09
5% 112 24 -287 | -40 -04 -437| 03 17 11 || 21 0.0 09
10% 107 34 -295| -28 -03 -304| 04 17 13 | 12 01 06
Case6] 10 1 -28 [ -10 -1 -35 [ 0 02 01 3 o0 1
0% 84 29 289 81 16 -346 05 -02 -00] 25 04 12
1% 61 16 -294 | -100 0.6 -345| 05 -02 -00]| 25 04 1.1
2% 50 21 -295 | -89 0.1 -335| 08 -00 02 | 22 02 09
5% 10 1.8 -3201 -39 02 -2471 1.8 01 07| 1.2 01 04
10% 27 16 -8322| -28 -08 -224 1 20 00 08 | 09 01 03

Table 4: Estimation of (R1,7m1) and (Rg,72) when only H, is used. Values correspond to direct averages.
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. Rl [em] RQ [em] mi mo
Noise
X1 Y1 21 X2 Y2 Z9 My, My, Mz Myy My, Mg,
[Casel] 83 14 28 | 13 12 -35 ] 0 2 1 [ 3 o0 1
0% 33.0 14.0 -280 || 130 120 -350 | -0.0 20 1.0 || 3.0 -0.0 1.0
1% 33.0 14.0 -28.0 | 13.0 120 -350 | -0.0 20 1.0 || 3.0 00 1.0
2% 33.0 13.9 -28.0 | 131 121 -349 | -00 20 1.0 || 3.0 00 1.0
5% 32.6 14.0 -284 || 130 119 -347 | -00 18 1.1 || 28 00 0.9
10% || 31.2 156 -299 | 9.7 109 -325 0.1 17 1.7 || 1.2 00 0.3
Case2 ] 33 14 -28 [ 13 12 55 | O 2 1 [ 3 0 1
0% 33.0 14.0 -280 ] 130 120 -550] 0.0 20 1.0 [[ 3.0 -0.0 1.0
1% 33.0 14.0 -28.0 | 13.1 120 -548 || -0.0 20 1.0 || 3.0 00 1.0
2% 33.0 14.0 -280 | 13.1 120 -542 || 0.0 20 1.0 || 29 00 1.0
5% 329 14.0 -283 | 13.0 100 -498 || 0.0 20 1.0 || 25 -0.0 0.9
10% || 32.6 14.7 -288 | 101 80 -33.7 0.1 20 13 | 05 -0.0 0.2
Case3 ] 33 14 -28 [ 13 12 -35 | 0 02 01 | 3 0 1
0% 28.0 136 -294 [ 124 129 -349] 06 -06 -02] 24 08 1.3
1% 234 149 -30.1 | 12.7 127 -3491| 02 01 0.1 | 27 01 1.0
2% 166 144 -333 | 11.8 125 -342| 1.2 01 05 | 1.3 01 06
5% 146 140 -345| 7.1 99 -253| 26 0.1 10 || 02 0.0 0.1
10% 145 139 -343| 831 59 -209| 27 01 10| 01 0.0 0.1
[Case4 [ 10 1 28 -10 -1 35 [ 0 2 1 [ 3 0 1
0% 102 13 280 -96 -06 -350 00 20 10 | 80 0.0 1.0
1% 1083 1.3 -281| -95 -04 -349| 00 18 10 || 29 00 1.0
2% 104 13 -281| -92 -00 -348| 00 17 10 || 29 0.0 1.0
5% 11.1 1.8 -283 | -78 15 -345| 01 14 08 || 27 0.1 1.0
10% 100 3.8 -296 | -50 29 -329| 04 11 10 || 1.4 01 07
[ Case5 [ 10 1 28 [ -10 -1 55 ] © 2 1 [ 3 0 1
0% 102 1.2 280 -97 -07 543 00 20 10 | 30 0.0 1.0
1% 102 1.2 -281| -88 0.1 -51.9| 00 19 10 || 29 0.0 1.0
2% 102 11 -281| -81 -03 -50.7| 00 19 10 || 28 0.1 1.0
5% 1083 1.1 -285 | -44 05 -437| 00 18 09 || 22 0.1 1.0
10% 97 25 -295 | 23 20 267 02 18 13 | 04 0.0 02
Case6] 10 1 -28 [ -10 -1 -35 [ 0 02 01 3 o0 1
0% 86 13 -282-102 -04 -349] 02 00 00| 28 02 1.0
1% 62 15 -288 | -10.1 -0.7 -349| 00 0.2 01 | 30 0.0 1.0
2% 27 15 -30.7| -100 -07 -348 | 01 0.1 01 || 27 0.0 1.0
5% 80 08 -342 1| -90 -03 -2821 1.8 0.1 08 | 04 00 0.1
10% 80 08 -340| -74 -07 -2231 21 01 09 | 0.2 00 0.1

Table 5: Estimation of (R1,71) and (Rg,72) when only H, is used. Values correspond to bin averages.
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. Rl [em] RQ [em] mi mo
Noise
X1 Y1 21 X2 Y2 22 My, My, Mz My, My, My,
[Casel] 33 14 28 | 13 12 35 [ 0 2 1 [ 3 o0 1
0% 33.0 14.0 2801 13.0 120 -350[ -00 20 10 [[ 3.0 -0.0 1.0
1% 33.0 14.1 -28.0 | 13.0 121 -349| 00 20 10 || 3.0 0.0 1.0
2% 329 14.1 -28.0 | 13.0 119 -3491| 00 20 1.0 | 3.0 -00 1.0
5% 32.6 14.0 -28.1 1| 127 105 -3401 0.1 21 10| 29 -01 1.0
10% | 31.0 151 -2901| 60 81 -3301| 05 20 16 | 21 -00 05
Case2 [ 33 14 28 [[ 13 12 55 [ 0 2 1 | 3 0 1
0% 33.0 14.0 -28.01 130 12.0 -5501] 0.0 20 1.0 ] 3.0 -0.0 1.0
1% 33.0 14.0 -28.0 | 129 119 -549 | 00 20 10 || 3.0 -0.0 1.0
2% 33.0 14.0 -28.0 | 131 11.8 550 00 20 10 || 3.0 -0.0 1.0
5% 329 14.0 -282 | 135 102 -52.1( 01 20 1.1 || 27 -0.1 0.9
10% | 324 144 -2851| 79 73 -4091| 03 20 13| 19 -01 0.7
Case3[ 33 14 28 [[ 13 12 -35 [ 0 02 01 ] 3 0 1
0% 26.0 124 -30.7] 129 13.0 -354] 04 -04 -02] 26 07 14
1% 26.6 13.7 -30.1 || 10.6 10.9 -343 | 0.7 -0.3 0.0 || 24 05 1.1
2% 238 14.1 -30.81| 72 96 -3241| 11 -03 02| 1.9 05 0.9
5% 204 142 -320| 28 35 -258| 18 00 07 | 1.2 02 05
10% || 180 138 -33.3| -08 19 2211 22 00 08 || 0.8 0.2 0.3
[Case4] 10 1 28 -10 -1 -35 | 0 2 1] 3 o0 1
0% 128 30 -2841 61 13 -354] 01 16 08 29 01 1.1
1% 128 3.0 -284 || 60 13 -353| 01 16 08 | 29 0.1 1.1
2% 127 3.0 -284| 59 12 -353| 01 16 08 | 29 0.1 1.1
5% 125 29 -285| 58 12 350 02 17 09|l 28 0.0 1.0
10% || 114 34 -287 | -43 01 -3211| 05 17 11 | 24 -00 0.9
[ Case5 [ 10 1 28 [ -10 -1 -55 [ 0 2 1 [ 3 0 1
0% 121 26 -2841] 69 09 -527] 01 17 091 29 0.1 1.0
1% 121 26 -284 1| -67 08 5261 01 17 09 | 29 01 1.0
2% 114 19 -2851 -6.7 -02 5241 01 19 1.1 || 2.8 -00 0.9
5% 109 18 -285| -59 -08 -494 | 02 19 11 || 26 -00 09
10% | 106 22 -2881 -53 02 -3881 02 19 12| 19 -00 0.8
Case6[ 10 1 28 [-10 -1 35 0 02 01[] 3 o0 1
0% 80 23 290 87 04 -365[ 05 00 01 1] 24 03 1.1
1% 74 1.0 -300/| -81 06 -362| 03 01 01| 27 03 1.1
2% 69 14 2951 -77 09 -3511 05 01 02| 25 02 10
5% 1.3 22 -313|| 50 04 -2901| 1.5 02 08 | 1.4 01 04
10% 21 16 -329| -1.8 -0.7 -22.71( 21 03 10| 09 00 0.2

Table 6: Estimation of (R1,m1) and (Re,m9) when (H,,H y,H) are used. Values correspond to direct averages.
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. Rl [em] RQ [em] mi mo
Noise
X1 Y1 21 X2 Y2 Z9 My, My, Mz Myy My, Mg,
[Casel] 83 14 28 | 13 12 -35 ] 0 2 1 [ 3 o0 1
0% 33.0 14.0 -280 || 130 120 -350 | -0.0 20 1.0 || 3.0 -0.0 1.0
1% 33.0 14,0 -28.0 | 13.0 120 -349 || -00 20 1.0 || 3.0 00 1.0
2% 329 139 -280 | 13.1 118 -349 | 0.0 20 1.0 || 3.0 -0.0 1.0
5% 32.7 139 -28.1 | 133 118 -345 | 0.0 20 1.0 || 29 00 1.0
10% || 314 14.8 -293 | 120 11.2 -341 0.1 18 13 | 20 0.0 0.7
Case2 ] 33 14 -28 [ 13 12 55 | O 2 1 [ 3 0 1
0% 33.0 14.0 -280 ] 130 120 -550] 0.0 20 1.0 [[ 3.0 -0.0 1.0
1% 33.0 14.0 -280 | 129 11.8 -549 | 0.0 20 1.0 || 3.0 -0.0 1.0
2% 33.0 14.0 -28.0 | 13.1 122 -548 || 0.0 20 1.0 || 3.0 00 1.0
5% 33.0 13.9 -280 | 132 109 -530 | 0.0 20 1.0 || 28 -0.0 1.0
10% || 32.7 14.2 -286 | 115 95 -445 | 0.1 20 1.1 || 1.4 -0.0 05
Case3 ] 33 14 -28 [ 13 12 -35 | 0 02 01 | 3 0 1
0% 283 124 299 129 125 -3501 02 -03 -02] 28 06 1.3
1% 257 146 -295 | 128 125 -3501 02 0.1 0.1 | 29 01 1.0
2% 19.6 145 -32.1 | 124 125 -349| 06 0.1 03 || 22 0.1 09
5% 15.8 13.8 -34.3 || 106 108 -31.8| 1.9 0.1 09 || 0.6 0.0 02
10% 149 138 -344 | 62 87 -260| 24 01 10| 02 0.0 0.1
[Case4 [ 10 1 28 -10 -1 35 [ 0 2 1 [ 3 0 1
0% 1083 1.2 280 -96 -07 -350 00 20 10 | 80 0.0 1.0
1% 104 1.2 -280| -95 -06 -350| 00 19 10 || 30 0.0 1.0
2% 106 12 281 -93 -04 -351 00 19 09 | 30 0.0 1.0
5% 112 14 -282| -85 0.1 -347| 00 17 09 | 29 00 1.1
10% 116 22 289 | -64 13 -342| 01 14 08 || 25 0.1 09
[ Case5 [ 10 1 28 [ -10 -1 55 ] © 2 1 [ 3 0 1
0% 102 1.1 -280] -98 -08 547 00 20 10 | 30 0.0 1.0
1% 1083 1.1 -280 | -95 -05 -540| 00 20 10 || 30 0.0 1.0
2% 102 1.0 -281| -91 -06 -536| 00 20 10 || 30 0.0 1.0
5% 102 1.0 -281| -85 -03 -51.1| 00 20 10 || 28 0.0 1.1
10% 97 14 -289 | -56 -05 412 01 20 10 || 1.2 0.0 05
Case6] 10 1 -28 [ -10 -1 -35 [ 0 02 01 3 o0 1
0% 86 14 -283(-104 -04 -349] 02 -00 00 28 0.2 1.1
1% 83 11 -286 | 99 -08 -351| 00 02 01| 30 0.0 1.0
2% 65 14 -294 1| -98 -07 -350| 00 02 01| 29 00 10
5% 65 1.1 -3391| -89 -03 -326 1.3 0.1 08 | 0.7 00 0.3
10% 82 08 -3451| -49 00 -209| 23 02 11| 01 00 0.0

Table 7: Estimation of (R1,/1) and (R2,ms9) when (H,,H,,H) are used

. Values correspond to bin averages.
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Figure 7: Case 1: estimations of (R1,7m1) and (Rg,m32) in the case of direct averages and bin averages, when
both H, and (H,,H,,H) are used. The cases correspond to Tabs. 4-7. Legend: ‘o’ for H, straight average; ‘x’
for H,, bin average; ‘0’ for (H,,H,,H,) straight average; ‘*’ for (H,,H,,H) bin average. Solid lines correspond

to true values: & component is in blue, ¥ component in red, Z component in green.
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Figure 8: Case 2: estimations of (R1,71) and (R2,m2) in the case of direct averages and bin averages, when
both H, and (H,,H,,H,) are used. The cases correspond to Tabs. 4-7. See Fig. 7 for details on the legend.
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Figure 9: Case 3: estimations of (R1,71) and (Rg,72) in the case of direct averages and bin averages, when
both H, and (H,,H,,H,) are used. The cases correspond to Tabs. 4-7. See Fig. 7 for details on the legend.
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Figure 10: Case 4: estimations of (R1,7m1) and (Rg,m2) in the case of direct averages and bin averages, when
both H, and (H,,H,,H,) are used. The cases correspond to Tabs. 4-7. See Fig. 7 for details on the legend.
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Figure 11: Case 5: estimations of (R1,71) and (Rg,m2) in the case of direct averages and bin averages, when
both H, and (H,,H,,H,) are used. The cases correspond to Tabs. 4-7. See Fig. 7 for details on the legend.
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Figure 12: Case 6: estimations of (R1,71) and (Rg,72) in the case of direct averages and bin averages, when
both H, and (H,H,,H,) are used. The cases correspond to Tabs. 4-7. See Fig. 7 for details on the legend.
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’ Noise H Case 1 \ Case 2 \ Case 3 \ Case 4 \ Case 5 \ Case 6 ‘
0% 43.8 (37.0) | 42.4 (29.0) | 38.8(27.8) | 48.7(38.6) | 47.6 (36.0) | 43.6 (38.6)
1% 43.2(33.0) | 41.6 (27.4) | 45.5(38.8) | 47.3 (40.6) | 44.6 (38.8) | 39.9(36.8)
2% 40.3 (34.4) | 40.6 (26.0) | 47.9 (43.2) | 48.3(41.8) | 45.4 (32.6) | 43.7(35.8)
5% 47.0 (29.6) | 54.8(30.0) | 56.0 (44.4) | 55.6 (41.2) | 56.9 (31.0) | 52.9 (38.6)
10% 66.0 (45.6) | 64.0 (46.0) | 58.1(46.8) | 64.0 (50.6) | 59.1 (44.2) | 55.0 (44.6)

Table 8: Percentage of divergent cases when H, is used and when (H,,H,,H) is used (the values correspond-
ing to the latter case are indicated in parenthesis). The case number refers to Tabs. 4-7.

A statistics in divergence rates is also presented in Table 8. It can be seen that the divergence
rates drops sometimes significantly when the full vectorial magnetic field is used, as opposed to
when only H, is used. Note also that the number of diverging cases (and therefore number of false
detections) depends on the threshold set for the matrix conditioning (10710 here). Relaxing this
condition yields less divergences and more false detection, and conversely. However, it might appear
preferable to have more divergences (which can be discarded in the decision making process) for an
increased probability of detection. In Table 8, the percentage of correct detections has been computed
after discarding the divergent cases.
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3 Conclusions and future work

Despite the analytical appeal of the (H,A,w) method, its limitation to single target inversion dras-
tically hinders its applicability in realistic situations, where UXO are often buried alongside clutter
items. In order to overcome this limitation, we have proposed a different approach, more numer-
ically involved but also of much broader applicability: the iterative Gauss-Newton method. The
validation of the method has been performed here with two synthetic targets which have been prop-
erly identified, despite varying degrees of noise. The analytical computation of the Jacobian matrices
contributes to the efficiency of the method and make it a good candidate for future investigation. We
therefore suggest additional investigations into the Gauss-Newton algorithm in order to establish
its accuracy with real sensor data, first in single target and then in multi-target configurations. In
particular, the stability of the algorithm to the increasing number of targets (hence the increasing
number of unknowns) should be investigated, as well as the proper formulation of the unknown
vector which could include a single, a few, or all time channels.
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